In this paper, well known completeness conditions in Moore spaces are generalized to arbitrary first countable spaces. Relationships are established between these conditions and various other completeness concepts including Cech completeness, countable completeness, and countable subcompactness. Finally, conditions are given for embedding a given first countable space in a " first countable complete " space. As one application of the theory developed, a necessary and sufficient condition is obtained for the embedding of a Moore space in a semicomplete or " Rudin" complete Moore space.
There has been considerable work done concerning complete Moore spaces, i.e., spaces satisfying R. L. Moore's Axiom 1, and completable Moore spaces, i.e., spaces which are dense subspaces of complete Moore spaces. There has also been much interest in M. E. Estill Rudin's concept of semicomplete Moore spaces, i.e., spaces satisfying Axiom 1". In this paper the author applies the concepts of completeness and semicompleteness to more general first countable spaces and establishes some theorems involving these concepts. Embedding theorems are also given. The last theorem of the paper answers a question discussed by Steve Armentrout at the Arizona State Topology Conference in 1967 by supplying a necessary and sufficient condition for a Moore space to be a dense subspace of a semicomplete Moore space.
The lower case letters m, n, i, j, and k will denote positive integers unless otherwise stated. DEFINITION 1. The statement that the sequence G lf G 2 , G 3 , is an f.c. development for the space X means that for each n, G n{9i (%) is a sequence of sets such that for each n, M n is a closed set contained in some element g n of G n and contains M n+1 (M n is an element of G n and contains M n+1 ) then Γ\T=iMi=it 0. The first countable space is complete (semicomplete) if and only if it has an f.c. complete (semicomplete) development. THEOREM Proof. Let Y be a T 2 compact space such that X is a dense subspace of Y. For each x e X, let g^x), g z {x), be a sequence of open sets of X forming a local base at x such that the corresponding f.c. development is complete, and {x, y} £ ΠΓ=i^W implies x = y. For each x e X and positive integer i, let G t {x) be an open set of Y such that Gi(x) Γ) X = fifi(αj), and let H^x) be an open set of Y containing
is a sequence of open sets in Y such that IS ΠΓ=i -Hί Assume p e ΠS=i -Hi-For each i, let fli(Xi) contain p. Let A^ -) Π X Π X. Since X is dense in Γ, A 1? A 2 , A 3 , is a sequence of nonempty closed sets of X with the finite intersection property such that for each i, A t S #*(#*)• Thus there is a point x of X such that x 6 ΠΓ=i A<. Assume α Φ p. For each i, let jβ, be an open set of F containing ί> such that Iζ (in F) does not contain α; and R t S Let B € = JB 4 Π X Π X. As before, ΠΓ=i Bi contains some point k of X But {x, k} S Π^=i^i(^i)> so x -k. However, x Φ k since x$ R t and keB^Έi.
Thus it must be that x = p and pel. Hence f| Γ=i i?ί = X. is a complete development for X. In first countable spaces, the concepts of fx. completeness and fx. semicompleteness are related to Frolic's concept of countable completeness [6] and de Groot's concept of countable subcompactness [7] . To avoid confusion the term "countable Cech-completeness", coined by Lutzer and Aarts [1] will be used for the term "countable completeness".
The phrase "C is a centered system on X" means "C is a collection of subsets of X such that for any finite C o S C, Π Co Φ 0 " A collection F of nonempty subsets of X is called a regular filterbase [7] if whenever F l9 F 2 e F, some F 3 e F has F 3 § F 1 ΓΊ F 2 . A regular space X is countably Cech-complete [6] if there is a sequence {B n } of open bases for X such that if n x < n 2 < n 3 < and if the sequence {B nfc }, where B njc e B nk forms a centered system, then Π ί B*J = 0. A regular space is countably subcompact [7] with respect to a base B of open sets provided that any countable regular filterbase F ϋ B has ΠFΦ 0. THEOREM 4. In regular first countable spaces, the following implications hold:
None of the above implications are reversible. In Moore spaces, countable Cech-completeness <=* More completeness <=>f.c. completeness [1] , and Rudin completeness <=>fx. semicompleteness. M. E. Rudin's example [5] of a Rudin complete space that is not Moore complete shows ( Due to tlie construction of {B n }, x e Γ\{[Pu Qi)} Thus S is a first countable, countably Cech-complete space. Now let G l9 G 2 , G 3 , represent any fx. development for S. There must exist a monotonically decreasing sequence having the following properties. (1) the nth term of S belongs to G n and contains its left endpoint, p n , and (2) p l9 p 2 , p 3 , is an increasing sequence converging to a number x on the line. The sequence {[p i9 x)} is a monotonically decreasing sequence of closed sets such that the nth. term is a subset of some g e G n , but has no common part. Thus S is not fx. complete.
The following theorems follow readily. In Moore spaces, Rudin completeness <=> countable subcompactness. In regular first countable spaces, countable subcompactness implies fx. semicompleteness. In [1] , Lutzer and Aarts use the term "completeness property" for any property implying the Baire property. Of the several completeness properties they examine, all but countable subcompactness and subcompactness are such that a space may have the property locally but fail to have it globally. The proof they give showing that if a regular space is locally countably subcompact then it is countably subcompact may be slightly altered to yield this theorem. THEOREM is an /-sequence means for each n, g n = Π?=i Qi f°r some sequence g [, g Proof. Let G and K respectively be the f.c. development and collection as assured by property R. That X is a dense subspace of a T 2 f.c. semicomplete space can be seen by applying the part of the proof of Theorem 9 following *, using K as defined here.
We 
where for each i, g t {x) e G if and I(x) forms a local base at x. Let K = {/(x) | x e X).
Let ^ = g lf g 2 , be a nested sequence wrt G. Thus for some x, xe ΠΓ=i#t So /(#)GiΓ and βf and I(x) are not mutually separated.
Let D be an open set covering I(x) of iL Let n be an integer such that g n (x) S -D Thus if .%) is adjacent to g n (x) 9 y e g n (x) and thus, y e D. Thus Z) covers I(y). This completes the proof that X satisfies property R. DEFINITION. If X is a topological space, the statement that G is a nested development for X means that (1) for each positive integer n 9 G n is an open cover of X containing G n+1 as a subcover and (2) if U is an open set and p is any point of U there is an integer n such that pegeG n implies g ϋ U.
DEFINITION. The topological space X is a Moore space if and only if it is a regular T 2 space with a nested development. DEFINITION. A complete (semicomplete) Moore space is a Moore space with a nested development G having the property that if
is a sequence of sets such that for each n 9 M n is a closed set containing M n+1 and M n is a subset of some element g n of G n (M n is an element of G n and contains M n+ι ), then ΓiT^MiΦ 0. Such a development is called a complete (semicomplete) nested development.
Every complete Moore space is semicomplete, but the converse is not true [5] . Not every Moore space is a dense subspace of a complete Moore space [5] . In [9] , Whipple provides a necessary and sufficient condition for a Moore space to be completable. Not every Moore space is a dense subspace of a semicomplete Moore space [5] . In his thesis for the University of Iowa, Alzoobaee provides a sufficient condition but it is not known if this condition is necessary for a Moore space to be semicompletable. The following definition and theorem provide a necessary and sufficient condition. DEFINITION 4. The Moore space X satisfies Axiom K provided that there exists a nested development Q and a collection K of mutually separated ^-sequences wrt Q such that: (1) for each x e X, x e f] g for some g of K, (2) if d is a nested sequence wrt Q, there is an element g of K such that d and g are not mutually separated, and (3) Proof. Let X be a Moore space with Q = Q l9 Q 29 Q 8 , and K defined as in Definition 4. Form the topological space (K\ Ω) as in the paragraph following * in the proof of Theorem 5, using Q for G.
For each k' e K r , where
There is an integer n such that if g lf g 2 , g 3f is an element of K and g n covers k l9 k 2j k 39 Let S' be a dense subspace of a semicomplete Moore space S. Let ilί be a semicomplete nested development for S.
For each positive integer n ^ 2, let G n -{g\g eM n and ^ is a subset of some element of G Λ _J. Thus (? = G x , G 2 , G 3 , is also a semicomplete nested development for S. Let G' be the corresponding development for S'. Applying the preceding theorem to S, G, S\ and G', we get the sequences T = 7i, Γ 2 , Γ 3 , and Q = Q l9 Q 29 Q 2 , Notice that Q is a nested development for $'.
For (x) and g H Π S'. For each n 9 x is a point or limit point of h n (x) in S, since for each k ^ n, g Zjc (x) contains x and intersects h n (x) . To examine #2 of Axiom K, let g x , g 2 , q S9 be a nested sequence wrt Q in S\ Thus for each n, q n e Q n and contains q n+ι . Let ^ w 2 , w 8 , and flTi, flr 2 , # 3 , be such that g n e T n and ^T C 2 3Wi and g w% in S. Since G is a semicomplete development for S, there is an x such that x G ΠΓ=i flfί-Thus for each i, x € ^ in S since for j ^ ί g ά contains x and intersects q im Thus α; e ΠΓ=i ^z in S, where q t e Q t and g 4 contains q i+1 . Examine h(x). Let qSpή\ qj&)\ Q^ϊ, be the defining sequence for h(x), i.e., x e f|Γ=i ?<(»)' in S and g^a;)' e Q, and q i+1 (x) The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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